We propose a simple but rigorous formalism to solve the Lippmann·Schwinger equation, expand· ing the wave function inside the potential range. The solution gives us a separable t-matrix. The formalism can be applied to any finite range two-body interactions and is useful to solve few-body equations.
The solution of the two-body Lippmann-Schwinger equation is important not only in the two-body problem alone but also in the few-body problems. It is well known that a t-matrix solution in a separable form is very useful in the few-body equations.
l )
Here we propose a new formalism to solve the two-body Lippmann-Schwinger equation. The assumption is that the two-body interaction is of finite range, i.e., vanishes beyond the range R. We expand the wave function I¢) inside the potential range. Since the range is finite, it is easy to find a set of complete base functions for the expansion. The expansion is useful in the integral equation because it keeps the product Vl¢) unchanged. Then we get a set of linear equations each for the scattering problem and for the bound state problem. It will be shown that the solution of the scattering equation leads to a separable t-matrix. Thus the present formalism is very useful in the few-body equations. When it is applied to the two-body bound state problem, it easily gives the bound state wave function in the whole range, although the original expansion is limited inside the potential range.
The resulting separable t-matrix in the present formalism can also be derived from a separable potential expansion method developed by Adhikari and his collaborators.
)
Their method has been used in a recent nod scattering calculation by the present author3) adopting modified Malftiet-Tjon potential as the two-body interac-. tion. 4 ) It has been demonstrated that the phase shift and the absorption parameters of the nod scattering are obtained very accurately with low rank separable potentials. The result has been compared with those obtained from other methods. 4 ) It was found that the agreement between them are satisfactorily good. However, it is sometimes asked why a separable potential expansion works so well. The present formalism gives a simple but solid theoretical base for the nod scattering calculation done in Ref. 3 ).
First we discuss the two-body scattering problem. Hereafter, we use the partial wave projected one-dimensional equation, for simplicity. But, it is not essential. We could also use a three-dimensional one. The scattering wave function j¢) satisfies the Lippmann-Schwinger equation, (1) with (2) Here z is the energy of the two-body system and p is the momentum of the incident plane wave. In the two-body problem, two variables are related by the on-shell condition; i.e., z= p2 12m. We do not assume the on-shell condition, however, so that the solution of Eq. (1) can be used as an input of few-body equations. The energy z contains infinitesimal small positive imaginary part. Operating the potential V to Eq. (1), we get (3) Equation (3) is usually regarded as an equation for the two-body t-matrix which is defined by
Here, we leave Eq. (3) as it is in the present form. We assume that the potential V is of finite range; i.e., vanishes outside the potential range R:
We expand the wave function ¢( r) inside the potential range with base .functions Bi(r). Since the range is finite, it is easy to find a set of complete base functions. For instance, it can be a set of orthogonal polynomials, such as Legendre polynomials, defined in the range. The expansion coefficients t; are functions of z and p, because the wave function depends on them. Thus, we have (6) Outside the range, the right-hand side of Eq. (6) may not coincide with the original wave function ¢( r). We define symbolically a new wave function I ¢> in the whole range (0< r<oo) by the summation on the right-hand side of Eq. (6); i.e.,
We call the expansion in Eq. (7) an expansion of the wave function inside the potential range (EWIPR). By definition we have (8) Since the potential vanishes outside the potential range and since two functions are equivalent inside it, we get VI ¢p,z>= VI¢p,z> .
Recalling Eq. (7), we get
where we have defined Progress Letters 777 (11) In the actual calculation we truncate the summation in Eq. (7) with a certain number N; i.e., 
Substituting Eq. (10)' to Eq. (3) and multiplying it by (RI, we get a set of linear equations in a matrix form
where we have used Eqs. 
Comparing Eq. (19) with the definition of the two-body t-matrix (4) , we obtain a formal rank-N separable solution of the t-matrix,
It should be pointed out that this form of the t-matrix is the same as the t-matrix from the separable expansion method proposed by Adhikari and his collaborators.
In their method, rank N separable potential is assumed by 
In the separable potential formalism, it is claimed that the separable potential is equivalent to the original potential if the rank is large enough. According to the present formalism, we point out that the rank of the separable potential should not be fixed. The rank may change with the two-body energy and/or with the incident momentum. It is determined by the number of terms which should be kept in the EWIPR in Eq. (7)'. Thus contrary to separable potential formalism, the present one gives a straightforward discussion on the convergence with respectto the rank of the resulting t-matrix. Furthermore, the character of the base functions is clear in the present formalism. This is helpful to choose the base function in a calculation. With the help of the separable potential formalism, on the other hand, we know that the present separable t-matrix always satisfies the unitarity.
The present approach can also be used to solve the bound state problem as welL For the bound state wave function I¢>, we have an eigenvalue equation, The present formalism may remind us of the variational method to solve the bound state problem, since we use a set of base functions in both methods. However, it is much easier to find the base functions in the present formalism because the range is finite. Furthermore, not only the ground state but also excited states can be obtained rigorously in the present formalism. This is the merit of using integral equations.
Separable t-matrix in Eq. (20) can be derived from the Schwinger variational form.
Thu~ the present formalism is closely related to the variational method. The solution of the Lippmann-Schwinger equation is an input for the few-body equations. Especially the separable t-matrix is very important because it makes the few-body equations easier to be solved. In the few-body equations, we need the off-shell two-body t-matrix; i.e., Z* p2/2m. In the present discussion to derive Eq. (20), we have not used the on-shell condition. The discussion is valid for the general case of the off-shell t-matrix. As has been pointed out before, the rank of the t-matrix may depend on the two-body momentum p as well as the two-body energy z. In a few-body equation, both p and z varies in a certain range. In the three-body equation, for instance, the range is O<p<oo for the momentum and -oo<z<E for the energy with the three-body energy E. The number of base functions which is necessary to expand the wave function inside the range may increase if p goes toward 00 and lor z toward -00. On the other hand, for the wide class of the potential, the integrand in the trree-body integral equations decreases rapidly at the same time. The two-body t-matrix could be neglected in such regions. Therefore, we point out that the convergence with increasing rank of the two-body t-matrix should directly be examined in the result of the three-body calculations. Thus, EWIPR plays a role just like a quadrature formula which is needed to solve the integral equations.
As an example, a three~body calculation of the n-d scattering with the MalftietTjon potential has recently been done using the separable two-body t-matrix given in Eq. (20).
3) It has been demonstrated that the result of the three-body calculations is stable with low rank separable t-matrix which has been examined with increasing the rank of the separable t-matrix. The numerical result agrees very well with other results obtained using other methods which do not use separable t-matrix. 4) Further numerical examples will be reported elsewhere for the three-body case as well as for the two-body case.
The present formalism is helpful to choose the base function. It is well known that the solution of the Lippmann-Schwinger equation with a separable potential is a separable t-matrix.l),5) It is not trivial if it is possible to have a separable t-matrix from a wide class of two-body potentials. Many efforts have been devoted to having separable t-matrix up to now.
2 ),5)-8) However, the basic idea in many cases has been such that: (1) to expand the potential or the t-matrix as an operator, or (2) to expand the whole range wave function. Then the efficiency or even the possibility of the expansion has not been trivial. As has be~n emphasized, they are rather trivial in the present formalism. It is our conclusion that a separable t-matrix is formally obtained not only from a separable potential but also from a finite range potential.
The present formalism, as has been emphasized, is useful in the few-body equations. It would be also useful in the two-body problem with complicated two-body interactions, e.g., an interaction without spherical symmetry. A three-dimensional integral equation, then, would be a starting equation.
